Computerized experiments are described for teaching free and forced oscillations of a tuning fork, as well as the transient process when establishing steady forced oscillations. With positive feedback, it is easy to generate continuous oscillations. The advantage of employing a tuning fork is that the short transient allows one to significantly decrease the time of the experiments and to use them as classroom demonstrations. The experiments might be used instead of similar experiments with a pendulum.
Introduction
A tuning fork is often used for classroom demonstrations. In particular, a pair of tuning forks mounted to resonance boxes is very popular. A tuning fork is an example of a highquality resonant system. This is seen from the long decay of free oscillations triggered in it.
While free and steady state forced oscillations are described in many textbooks, the transient process after applying a periodic driving force deserves special consideration. Every time forced oscillations start, a process of establishing the steady amplitude of the oscillations occurs. This transient process is caused by the superposition of the forced and free oscillations. Landau and Lifshitz [1] and Pippard [2] considered the problem in detail. For a driven mathematical pendulum with friction, the motion equation is
where m is the mass, x is the displacement, x = dx/dt, x = d 2 x/dt 2 , k and λ are coefficients of proportionality, and F 0 and ω are the amplitude and the frequency of the driving force.
The general solution to equation (1) is the sum of the general solution of the equation without the right-hand side and of any solution of the full equation. The solution thus consists of two terms, the first one describes free oscillations, and the second is steady forced oscillations:
where A, B, ϕ 1 and ϕ 2 are constants. The natural frequency of the system is ω 0 = (k/m) 1/2 , the decay of free oscillations is governed by the decay constant δ = λ/2m and the frequency is somewhat lower than ω 0 :
. The quality of a resonant system is often characterized by the quality factor (Q-factor) equal to Q = ω 0 /2δ. Immediately after a periodic driving force is applied, the amplitude of the oscillations and the velocity are zero, and they start to grow. The reason is that free oscillations also arise in the system. At the first moment, they have the same amplitude as the forced oscillations but an opposite phase. The constants B and ϕ 2 are available from the relations for the amplitude and the phase of steady forced oscillations, and A and ϕ 1 must satisfy the requirements x(0) = 0, x (0) = 0.
If the frequencies of free and forced oscillations, and ω, are equal, the amplitude of the resultant oscillation grows monotonically. When the frequencies differ, the resultant oscillation has an amplitude changing within B(1 ± e −δt ), where B is the amplitude of the steady forced oscillations. Without damping, the resultant oscillation is
where ω * = (ω + )/2, and = |ω − |/2. When the frequencies and ω are different, many beats are observable during the transient process. The changes in the amplitude of the resultant oscillation gradually decrease, reflecting the decay of the free oscillations. Clearly, the transient is as long as this decay.
Transient oscillations
It is not a simple task to study forced oscillations in a high-quality resonant system like a tuning fork. A source of the periodic driving force must provide very stable frequency and the possibility of precisely changing the frequency in the vicinity of the resonance. For this purpose, we use the ScienceWorkshop data-acquisition system with the DataStudio software from PASCO scientific 1 . The ScienceWorkshop 750 Interface incorporates a signal generator of 0.001 Hz frequency resolution. This is quite sufficient for the determination of the resonance curve of a tuning fork. Other products used in the experiments were also purchased from PASCO scientific.
The experimental set-up is very simple (figure 1). We use a 440 Hz tuning fork mounted on a resonance box (now PASCO offers similar 256 Hz tuning forks, catalogue index SE-7344). For our purpose, it is important that the tuning fork is made of magnetic steel. Otherwise, a thin magnetic ribbon may be pasted to its prong. A 400 turn coil (SF-8610) with a U-shaped magnetic core (SF-8614) drives forced oscillations of the fork. The coil is connected to the signal generator providing a sine wave voltage. The frequency of the driving force is twice the frequency of the current, which is therefore varied in the vicinity of 220 Hz. The method for driving a tuning fork used here is well known. Tuning forks belong to oscillating systems of strong nonlinearity. Therefore, the amplitude of the forced oscillations must be small. The Q-factor of our tuning fork is of the order of 10 4 . The sound sensor (CI-6506B) or a usual microphone senses the oscillations of the tuning fork, and the graph tool displays the results in time scale of tens of second. The sample rate of the data acquisition is set to be 500 Hz. Therefore, details of the oscillations are not seen but the time dependence of the amplitude of the oscillations is quite clear. In particular, beats during the establishment steady forced oscillations are well observed (figure 2). Their period depends on the difference between the frequencies of free and forced oscillations. In a millisecond time scale, the oscillations are observable with the scope tool. In this case, the sample rate is 5000 Hz. A demonstration of the transient oscillations gives us an understanding of the process of establishing the steady regime of forced oscillations. The records obtained are similar to illustrations presented in the book by Pippard [2] . For determining the decay constant δ from free oscillations, one plots, together with the graph of the oscillations, an additional graph Aexp(−Bt) to fit the envelope of the oscillations, and varies numerical values of A and B to achieve the best fit. The option user-defined fit is suited for this purpose. The fit confirms that the decay is exponential and immediately provides the decay constant ( figure 3) . By setting the values of B below and above the best value, one can estimate the possible error peculiar to this procedure, which does not exceed 10%.
Resonance curve of tuning fork
With a data-acquisition system and an ac/dc converter, the determination of the resonance curve becomes very simple. The converter provides a dc voltage proportional to the amplitude of the oscillations of the tuning fork measured with a microphone. The voltage sensor measures this dc voltage. As an ac/dc converter, we use the Hewlett-Packard 400E ac voltmeter. The time between measurements is set to be sufficient for establishing steady oscillations, e.g., 30 s. The frequency of the driving voltage, i.e., of the signal generator, is changed via the dialog box. After every measurement, one changes this frequency and repeats this procedure after the next experimental point appears on the graph. The graph shows the amplitude of the forced oscillations versus time. When the scan is completed, the discrete time points should be converted into the frequency. Using this method, a detailed resonance curve of the tuning fork (figure 4) is obtainable in 20 min. The resonance curve of the tuning fork is, as expected, very narrow. The amplitude of the forced oscillations, B, follows the relation common to various resonant systems of high quality (Q 1):
where B 0 is the amplitude of the oscillations at the resonance, ω − ω res is the difference between the frequency of the driving force and the resonance frequency and δ is the decay constant.
To compare the results with theory, the best way is to fit the data with a curve according to equation (4) . It is easy to adjust the parameters of the theoretical curve, B 0 , δ and ω res , for reasonable agreement with the experimental data. For the fit, we use the Microcal Origin software. The fit immediately provides the resonance frequency and the decay constant. The difference between two frequencies, for which the amplitude of forced oscillations becomes √ 2 smaller than at the resonance, is called the bandwidth of the resonant system, ω. It directly relates to the Q-factor: Q = ω res / ω. In the example presented, the decay constant obtained from the resonance curve (δ = 0.155) agrees with that calculated from the decay of free oscillations (0.16).
Temperature dependence of resonance frequency
The resonance frequency of a tuning fork depends on its temperature. This dependence is caused by the temperature dependence of the dimensions of the fork and of the elastic modulus of the material used for it. Both contributions lead to decrease of the resonance frequency with increasing temperature. Precise measurements with a tuning fork thus require special temperature control. The temperature coefficient of the resonance frequency is negative and is expected to be of the order of 10 −4 K −1 . An investigation of the temperature dependence of the resonance frequency might be a subject of student projects. Owing to the sharp resonance curve, it is easy to demonstrate the influence of temperature changes. When observing the transient process at a constant frequency of the driving force, beats of various frequencies appear when heating the tuning fork. A fan may be used for the heating. It is even enough to heat the fork by hand ( figure 5 ).
With a pair of similar tuning forks, the demonstration of the temperature dependence of the frequency of free oscillations is possible without a data-acquisition system. The beats that appear after heating one of the forks are well audible and can be shown using a microphone and an oscilloscope.
Conclusion
For obtaining continuous oscillations of the tuning fork, a microphone sensing the oscillations is connected to the input of an audio amplifier. The output current of the amplifier passes through the coil driving the fork. To make the frequency of the driving force equal to that of the current, a small permanent magnet is attached to the magnetic core ( figure 6 ). This method is also applicable when studying forced oscillations (e.g., [3, 4] ). The coil should be connected to the amplifier with due polarity to provide positive feedback. In the pre-digital electronics, such generators played the role of frequency standards of high accuracy and stability [5] . The experiment shows how positive feedback compensates for inevitable losses in an oscillating system and causes continuous oscillations.
The computerized experiments with a tuning fork are well suited to teaching free and forced oscillations, including transients when establishing the steady regime of forced oscillations. The results are clearly displayed by a data-acquisition system. Owing to the much shorter time of the transient, the experiments might replace similar experiments with a pendulum. The same relates to classroom demonstrations, for which the short time needed is very important.
